BIJECTIONS ON TWO VARIATIONS OF NONCROSSING 

PARTITIONS 



JANG SOO KIM 



Abstract. We find bijections on 2-distant noncrossing partitions, 12312-avoiding 
partitions, 3-Motzkin paths, UH-free Schroder paths and Schroder paths with- 
out peaks at even height. We also give a direct bijection between 2-distant 
noncrossing partitions and 12312-avoiding partitions. 



1. Introduction 

A (set) partition of [n] = {1, 2, . . . , n} is a collection of mutually disjoint nonempty 
subsets, called blocks, of [n] whose union is [n]. We will write a partition as a se- 
quence of blocks {Bi, B2, ■ ■ ■ , Bk) such that min(i3i) < min(i32) < • • • < min(i3fe). 

There are two natural representations of a partition. Let tt = (Bi, B2, ■ ■ ■ , Bk) 
be a partition of [n\. The partition diagram of n is the simple graph with vertex 
set V = [n] and edge set E, where {i,j) € i? if and only if i and j are in the same 
block which does not have an integer between them. For example, see Figure [1] 
The canonical word of tt is the word aia2 ■ ■ ■ an, where Oi = j if i € Bj. For 
instance, the canonical word of the partition in Figure [1] is 123124412. For a word 
T, a partition is called r-avoiding if its canonical word does not contain a subword 
which is order-isomorphic to r. 

A partition is noncrossing if the edges of its partition diagram do not intersect. 
It is easy to see that a partition is noncrossing if and only if it is 1212-avoiding. 

Let TT be a partition and let fc be a nonnegative integer. A k-distant crossing of 
TT is a set of two edges and (12,^2) of the partition diagram of tt satisfying 

ii < ^2 ^ ji < J2 and ji — i2 > k. A partition tt is called k-distant noncrossing 
if TT has no fc-distant crossings. Note that 1-distant noncrossing partitions are just 
noncrossing partitions. 

Our main objects are 2-distant noncrossing partitions and 12312-avoiding par- 
titions. Let NC2(7T.) denote the set of 2-distant noncrossing partitions of [n]. Let 
^12312 denote the set of 12312-avoiding partitions of [n]. 



Date: May 13, 2009. 

2000 Mathematics Subject Classification. 05A18, 05A15. 

Key words and phrases, noncrossing partitions, Motzkin paths and Schroder paths. 




Figure 1. The partition diagram of ({1, 4, 8}, {2, 5, 9}, {3}, {6, 7}). 
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Drake and Kim [1 found the following generating function for the number of 
2-distant noncrossing partitions: 



Using the kernel method, Mansour and Severini [4] found the generating function 
for the number of 12 • • • A;12-avoiding partitions of [n]. Interestingly, as a special case 
of their result, the generating function for the number of 12312-avoiding partitions 
of [n] is the same as which implies #NC2(?t.) = #Pi23i2(f^)- Moreover, this 
number also counts several kinds of lattice paths. 

A lattice path of length n is a sequence of integer lattice points («, j) in the xy- 
plane starting with (0, 0) and ending with (rt, 0). A lattice path is nonnegative if it 
never goes below the x-axis. Since we will only consider nonnegative lattice paths, 
throughout this paper, we will write simply a lattice path instead of a nonnegative 
lattice path. 

Let L = {{xo,yo), . . . , {xk,yk)) be a lattice path. Then each Si = {xi — 

Xi-i,yi — j/i-i) is a step of L. The height of the step Si is defined to be yi-i- 
Sometimes we will identify a lattice path L with the word S1S2 ■ ■ ■ Sk of its steps. 
Note that the number of steps is not necessarily equal to the length of the lattice 
path. 

Let U, D and H denote an up step, a down step and a horizontal step respectively, 
i.e., [/= (1,1), D= (1,-1) andff = (1,0). 

A Schroder path of length 2n is a lattice path of length 2n consisting of steps U, 
D and = HH = (2, 0). Let L = S1S2 ■■■Skhea Schroder path. A UH-pair of 
L is a pair {Si, Si+i) of consecutive steps such that Si — U and Si+i = H^. Wc say 
that L is UH-free if it does not have a UH-pair. A peak of L is a pair {Si, Si-^-i) of 
consecutive steps such that Si = U and Si+i = D. The height of a peak {Si, S'i+i) 
is the height of S'i+i = D. 

Let SCHuh(''^) denote the set of UH-free Schroder paths of length 2n. Let 
SCHovon('^) (resp. SCHodd(?^)) denote the set of Schroder paths of length 2n which 
have no peaks of even (resp. odd) height. 

A labeled step is a step together with an integer label. Let Di (resp. Hi) denote 
a labeled down step (resp. a labeled horizontal step) with label i. 

Let CH2 (n) denote the set of lattice paths L = S1S2 ■ ■ ■ Sn length n consisting 
oiU , Di, D2, Hq, Hi and H2 such that 

• if Si — He or Si — Dg, then Si is of height at least £, 

• if Si = H2 or S, = D2, then i > 2 and Si_i € {U, Hi,H2}. 

Drake and Kim [1] showed that the well known bijection (p between partitions 
and Charlier diagrams, see [HIS], yields a bijection ip : NC2{n) CH2(7i). Yan [5] 
found a bijection : SCHuh('t^ — 1) ^ ^'i23i2(?^) and a bijection between SCHuH(f^) 
and SCH 

even 

{n). 

Thus the cardinalities of NC2{n), CH2(ri), SCHoven("- — 1), SCHuh("- — 1) and 
Pi23i2{n) are the same whose sequence appears as A007317 in [6]. 
Let us define the following refined sets. 

• NC'2{n) = {tt G NC2(?T.) : n is not a singleton} 

• CU'2{n) ^ {Le CH2(n) : the last step of L is Di} 

• SCH^y(,„(n) ^ {L e SCHcvcn('^) : the first step of L is U} 

• SCHuH(f^) = {Le SCHuH(n) : the first step of L is U} 



(1) 
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1 ^ 

CH^(n) ^ M0T3(n - 2) ^ SCHodd(n - 1) * SCH^jH(n - 1) 

Figure 2. Main bijections for n> 2. 

• A'23i2('^) = {tt S Pi23i2('^) : 1 is not connected to 2} 
There are obvious bijections proving the foUowing. For n > 2, 

n 

#NC2(n) = l + ^#NC'2(z), 

i=2 
n 

#CH2(n) = l + ^#CH'2(i), 

n 

#SCHevcn(r^ - 1) = 1 + 5] #SCHU„(* - 1), 
#SCHuH(n - 1) = 1 + ^ #SCH^h(* - 1), 

n 

#Pl2312(n) = l + ^#Pl'2312«- 

i=2 

Thus, for n > 2, the cardinahties of the following sets are also the same, whose 
sequence appears as A002212 in ^ : NC2(n), GB'^(n), SGYi'^^^^{n - I) , ^^^^^{n- 
1) and -Pi23i2("')- This number is also equal to both #SCHodd(fi— 1) and the number 
of 3-Motzkin paths of length n — 2, where a 3-Motzkin path of length n is a lattice 
path of length n consisting of C/, D, Hq, Hi and i?2- 

Let M0T3(n) denote the set of 3-Motzkin paths of length n. 

Our main purpose is to find bijections between these objects. For the overview of 
our bijections see Figure O where ip is the known bijection between partitions and 
Charlier diagrams and is Yan's bijection [H]. We note that our bijection g 

in Figure [5] is also discovered by Shapiro and Wang [5] . We also provide a direct 
bijection between NC2(?i) and -Pi23i2('^)- 

The rest of this paper is organized as follows. In Section [2] we find bijections 
in Figure [2l In Section [3] we review Yan's bijection and its consequences for self 
containment. In Section 3] we obtain refined results following from our bijections. 
In Section [5] we provide a direct bijection between NC2(n) and Pi23i2("-)- 

2. Bijections 

In this section we find the bijections f,g, h and t in Figure O 

2.1. The bijection / : CHjCn) M0T3(n - 2). RecaU that CH2(n) is the set 
of lattice paths L — S1S2 ■ ■ ■ Sn of length n consisting of U, Di, D2, Hq, Hi and H2 
such that 

• ii Si = Hi or Si = Di, then Si is of height at least £, 

• if 5j = H2 or S, = D2, then i > 2 and 5^-1 e {U, Hi, H2}, 
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Figure 3. An example of /o. 




Figure 4. Definition of /. 



• S'„ = Di. 

The second condition above is equivalent to the condition that the lattice path 
consists of the following combined steps for any fc > 0: 

(2) VH^^D^, HiH^,HiHlD2,Ho, D^. 

Let A{n) denote the set of lattice paths of length n consisting of the combined 
steps in ^ such that H2 does not touch the x-axis. Let B{n) denote the set of 
3-Motzkin paths of length n such that each H2 touching the x-axis must occur after 
D, Ho or H2. 

We define /o : A{n) B{n) as follows. Let L e A{n). Then fo{L) is defined 
to be the lattice path obtained from L by changing UH2D2 to HoH2^^, H1H2D2 
to ZJi?!^^ and Di to D. It is easy to see that /o(i) G B and /o is invertible. See 
Figure [3l 

Now we define / : CH2(n) M0T3(?i - 2) as follows. Let L G CYi'^{n). Then 
L is decomposed uniquely as 

H'^' {UL^D^)H^- iUL2D,) ■ ■ ■ H'^^{ULM, 

where Li G ^(rij) for some ki^rii > and r >1. Then define f{L) to be 

H^^ML^){H,H^^+'fo{L2)){H,Ht+'fo{Ls)) ■ ■ ■ {H,H^''+' fo{U)). 

See Figured! 

Theorem 2.1. The map f : CH2(n) —> M0T3(n - 2) is a bijection. 
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Figure 5. An example of g. Odd peaks are circled. Green color 
is for i?^ of even height. 



Proof. Each L € MOT3 (n — 2) is uniquely decomposed as 

where Li e B{ni) for some ki^rii > and r > 1. Thus we have the inverse f^^{L) 
which is decomposed as 

H^^iUf,\L,)D,)H^-^{UU\L2)D,) ■ ■ ■ H^,^ (U f,\Lr)D,). 

□ 

2.2. The bijection g : M0T3(n) ^ SCHodd(n+ 1). We define g : M0T3(n) 
SCHodd(n-+l) as follows. Let L E M0T3(n). Then g{L) is the lattice path obtained 
from L by doing the following. 

(1) Change U to UU, D to DD, to H'^ , Hi to DU, and H2 to UD. 

(2) Add U at the beginning and D at the end. 

(3) Change all the consecutive steps U D which form a peak of odd height to 
See Figure [5] for an example of 5. 

Theorem 2.2. The map g : M0T3(n) — > SCHodd("- + 1) is a bijection. 

Proof. Clearly the first and the second steps in the construction of g are invertible. 
The third step is also invertible because every step of even height always comes 
from a peak of odd height. Thus g is invertible. □ 

2.3. The bijection h : SCHoddW -> SCHuhW- Let L = SiS2---Sk be a 
Schroder path. Let Si = U he an up step. Then there is a unique down step 
Sj — D such that i < j and Si+iSi+2 ■ • ■ Sj-i is a (possibly empty) lattice path. 
We call such 5*^ the down step corresponding to Si. We also call Si the up step 
corresponding to Sj. 



6 



JANG SOO KIM 



L' 





Figure 6. The essence of /lo- Green (resp. Red) color is for UH- 
pairs with iJ^ of even (resp. odd) height. Odd peaks are circled. 
The lattice path L' is not empty. 



Let L = S1S2 ■ ■ ■ Sk & SCHodd('T-)- Recall that a UH-pair of L is a pair {Si, S'i+i) 
such that Si = U and S'i+i = H'^. Let (S'i, S'^+i) be a UH-pair and let Sj be the 
down step corresponding to Si. Then we define the function ^ as follows. 



^(S'i, Si+i) 



i, if Si+i is of even height; 
j, if Si+i is of odd height. 



If L is not UH-free, we define the ^-maximal UH-pair of L to be the UH-pair 
(Si, Si+i) satisfying the following: for any UH-pair {Si' , Se+i) with i' ^ i, we have 
i{Si,Si+i) > £,{Si' , Si'+i). 

Let L G SCHodd(?^)- Assume that L is not UH-free. Let (S'i,S'i+i) be the ^- 
maximal UH-pair of L. Let Sj be the down step corresponding to Si. Then we 
define ho{L) as follows. 

(1) If Si+i is of even height, then ho{L) is the lattice path obtained from L by 
replacing SiSi+i with UUH. 

(2) If Si+i is of odd height, then let L' — Si+2Si+3 ■ ■ ■ Sj-i. 

(a) If L' is empty, i.e., j ~ i + 2, then /io(i) is the lattice path obtained 
from L by replacing SiSi+iSi+2 with H^UD. 

(b) If L' is not empty, then ho{L) is the lattice path obtained from L by 
replacing S^Si+l ■ ■ ■ Sj with UL'DUD. 

See Figure [6] 

Now we define h : SCHodd('T') — * SCHujj(n) as follows. Let L g SCHodd(") and 
Lq — L. Then we define Li = /lo(-^i-i) for « > 1 if Li-i is not UH-free. Since the 
number of UH-free pairs of Li is one less than that of Li-i, or they are the same 
and 

^(the maximal UH-pair of Li) < ^{the maximal UH-pair of Li^i), 

we always get Lr which is UH-free for some r. We define h{L) to be Lr if Lr does 
not start with H^; and the lattice path obtained from Lr by replacing with UD 
otherwise. For example, see Figure [71 

Theorem 2.3. The map h : SCHodd('^) ^ SCHujj(n) is a bijection. 

Proof. In the procedure of h, the odd peaks are constructed from right to left. Since 
ho is invertible, so is h. □ 
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Figure 7. An example of h. Green (resp. Red) color is for UH- 
pairs with of even (resp. odd) height. Odd peaks are circled. 
Dashed arrows indicate the down steps corresponding to the up 
steps. 



2.4. The bijection l : SCHodd(ri) ^ SCH^^^„(n). Let L = S'iS'2 ■ ■ ■ Sk e SCHodd(n). 
Then l{L) is defined as follows. 

(1) If Sk = i^^ then l{L) = USi--- Sk-iD. 

(2) If Sk = D, then let Si be the up step corresponding to Sk and we define 
l{L) ^USi - ■■ Si-iDSi+i ■ ■ ■ Sk-i- 
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Figure 8. The map t. 



See Figure [5] 

Then l{L) e SCH^^^„(n). Clearly, l : SCY^add{n) -> SCH^^^„(n) is a bijection. 

3. Yan's bijection 

In this section we describe Yan's bijection (f) : SCHuh(?^ ^ 1) ^ -Pl2312(«)- 
Let L E SCHuh("- — !)• Then we label each step of L as follows. 

(1) Find all the peaks of L, and label the up step of the i-th leftmost peak with 
i + 1 for i = 1,2, . . .. 

(2) We label all the unlabeled up steps and the horizontal steps with the largest 
integers which are left to the steps. If there is no integer which is left to 
such a step, then we label it with 1. 

(3) For each down step D, we label it with the same integer which is the label 
of the up step corresponding to D. 

Then is defined to be the word obtained by reading the labels of downs steps 
and horizontal steps of L from left to right and by adding 1 at the beginning. See 
Figure [9] for an example of this map. 

Let TT = B2, ■ ■ ■ , Br) be a partition. A pair [Bi, a) of a block and an integer 
is called inversion if a > min(i?i) and a G Bj and for some j < i. Let inv(i?i) 
denote the number of inversions of form {Bi, a). 

From the definition of (f>, we get the following immediately for L and tt with 

</.(L) = TT. 

• The first step of L is a horizontal step if and only if 1 is connected to 2 in 

TT 

• If TT = . . . , Bk), then L has k—1 peaks and their heights are inv(_B2) + 
l,inv(B3) + l,...,inv(Bfc) + L 

Thus (f> is indeed a bijection between SCHujj(n — 1) and -Pl2312("-)- 
Using this bijection Yan proved the following theorem. 

Theorem 3.1. 8 Let n,k> 1. Then the number of 12312-avoiding partitions of 
[n + 1] with k + I blocks is equal to 



§z(fc-l) {k){i)- 
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Label the up steps of peaks 
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Label the unlabeled up steps and horizontal steps 
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Label all the down steps 
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Read the labels of down steps and horizontal steps and add 1 at the beginning 

112334215445 



Figure 9. Yan's bijection 




Figure 10. All the five crossings are high crossings. 



4. Refined results 

Let TT e NC2(ri). Let {(a,i + l),(i,6)} be a crossing of tt. Let A and B be 
the blocks containing a and h respectively. Let r = min(max(A), max(_B)). This 
crossing is called low crossing if it satisfies the following: 

• (a, z + 1) is not nested by another edge, 

• . . . ,r arc contained in B and A alternatively, that is, i G B, i+l G A, 
i + 2 E B, and so on. 

Otherwise, it is called high crossing. For example, see Figure [TOl and Figure [TT] 

Let L G CH2(n). A step D2 of L is low if its height is 2. Otherwise it is high. 
A step H2 of L is low if the first step right to it, which is not _ff2, is a low D2. 
Otherwise it is high. A high step is either a high D2 or a high H2. 
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2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
Figure 11. All the five crossings are low crossings. 



Let us define the following refined sets. 

• NC2(n, fc) = {tt S NC'2{n) : ir has k high crossings} 

• CH2(n, fc) = {L e CH2(n) : L has /c high steps} 

• M0T3(n - 2, k) = {i e M0T3(n - 2) : L has fc TJj's of height > 0} 

• SCHodd('T^— 1, fc) = {i e SCHodd('^— 1) : L has k peaks of even height > 2} 

• SCHuh("^-1i fc) = {i e SCHuH ("•-!) : L has k peaks of even height > 2} 

• A'23i2('^7 fc) = {tt e -Pi'23i2("') ■ has fc blocks Bi with odd inv(i?i) > 1} 

It is easy to check that our maps in Figure [5] induce bijections on the sets 
described above. 

Let p(n, k) be the number of one of the objects described above. Let a(n, k) be 
the number of 3-Motzkin paths of length n with k H2 steps. Let k) be the 
number of 3-Motzkin paths of length n with k H2 steps of height at least 1. Let 



A{x,y) 
B{x,y) 
F{x,y) 



n>0 m>0 



n>0 m>0 

EE 

n>2 m>0 



p{n, m)x'^y^ 



Then it is easy to see that 

A{x, y) = l + {2 + y)xA{x, y) + x'Aix, y f, 

B{x, y) = l + 3xB{x, y) + x^B{x, y)A{x, y), 

F{x,y) = x^ ■ B{x,y). 
Solving these equations, we get 

. , 2x^ 
F{x,y) 

li y — Q, then 

F(x,0) = 



1- {4:-y)x+ ^1 - (4 + 2y) x + {Ay + y2) x'^ 



2x' 



2x' 



1 



1 - Ax + y/1 - Ax Vl-4x \1 + y/l - Ax 
2x^ 



VI -4a; 
Note that 

il-Ax)--2=J2 

n>0 

Thus we have the following. 



1 - Vl - 4.x \ X 



n>0 
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Proposition 4.1. Ifn>2, then 



, , 1 (2n - 2\ 



In fact, we can prove Proposition 14.11 biiectivelv as follows. Recall that p(n,k) 
is equal to the number of elements in 

SCHodd('^ — l,k) — {L ^ SCHodd("- — I) ■ L has k peaks of even height > 2}. 

Thus it is sufhcient to show the following: 



If L e SCHoddC"-! 0), then the height of each peak of L is 2. Let L' be the 
Schroder path obtained from L by changing each horizontal step whose height 
is not 1 to a peak UD. Then L' is a Schroder path such that each horizontal step 
is of height 1. This gives us a bijection between SCHodd('^, 0) and SCHi(n), the set 
of all Schroder paths of length 2n such that the height of each horizontal step is 1. 

The following proposition finishes our bijective proof of Proposition 14. II 

Proposition 4.2. There is a bijection between SCHi(ri) and the set of paths from 
(0,0) to {n,n) with steps (1,0) and (0, 1) starting with a step (1,0). 

Proof. We can consider L G SCHi(n) as a path from (0,0) to (n,n) with steps 
(1, 0), (0, 1) and (1, 1) that never goes below the line y = x. Then L has steps (1, 1) 
only on the line y = x + 1. Let L = {Si, 5*2, ... , Sm) and let 5*^^ , , . . . , Si^, be the 
steps (1,1). Then we change Si^ to two consecutive steps 5* = (1,0), S' = (0,1), 
and then reflect the path starting from S' to the last step along the line y = x. We 
do the same thing with Sif_-^ on the resulting path, and so on. Then at the end, 
we get a path with steps (1, 0) and (0, 1) starting with (1, 0). It is easy to see that 
this procedure is reversible. □ 

By finding the generating function, Yan [7 showed that the number of UH-free 
Schroder paths of length n without horizontal steps of height greater than 1 is equal 
to 



The following proposition gives us a bijective proof of ([3]). 

Proposition 4.3. There is a bijection between SCHi(n) and the set of UH-free 
Schroder paths of length n, starting with an up step, and with no horizontal steps 
of height greater than 1 . 

Proof. Let L be a UH-free Schroder path with the conditions. Then wc can decom- 
pose L as follows: 



where ki > and Li is a (possibly empty) Schroder path with no horizontal steps 
of height greater than which does not start with a horizontal step. Let 




(3) 




L = {ULiDH''^){UL2DH''^) ■ ■ ■ {ULeDH'''), 



Then L' 



L' = {U H^^ LiD){U H''^ L2D) ■ ■ ■ {UH^'LiD). 
G SCHi(n). Clearly, this is invertible. 



□ 
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5. A DIRECT BIJECTION BETWEEN NC2(7l) AND Pl2312(n) 

Now we have a bijection 0O /lo (70 /o : NC2(?t.) — > Pi23i2('^), see Figure [2] Since 
both NC2(?T.) and Pi2312('t-) are partitions with some conditions, it is natural to ask 
a direct bijection between them. In this section we find such a direct bijection. 

From now on, we wiU identify a partition in Pi23i2('^) with its canonical word. 

A marked partition is a partition with marking some integers. Each marked 
integer is called active. Similarly a marked word is a word with marking some 
letters. Each marked letter is called active. 

Let TT e NC2(n). For i E [n], let Ti be the marked partition of [i] obtained from 
TT by removing all the integers greater than i and by marking integers which are 
connected to an integer greater than i. 

Using the sequence — Tq,Ti,T2, . . . ,T„ — t: of marked partitions, we define a 
sequence of marked words wq, wi, W2, . . . , w„ as follows. 

Let wq be the empty word. 

For 1 < i < n, Wi is defined as follows. 

(1) If i is not connected to any integer in Ti, then = Wi_im, where m = 
niax(wi_i) + 1. Otherwise, i is connected to either the largest active integer 
or the second largest active integer of T^-i. 

• If i is connected to the largest active integer of T^^i, then let Wi = 
Wi_iai, where ai is the rightmost active letter of w,;_i. And then we 
make the active letter ai inactive. 

• If i is connected to the second largest active integer of T,-!, then let 

= Wi„ia2, where 02 is the second rightmost active letter of Wi_i. 
The second rightmost active letter of Wi_i remains active, however, 
we make the rightmost active letter of Wi_i inactive in w^. 

(2) If i is active in Ti, then we find the largest letters in and make the 
leftmost letter among them active. 

For example, see Figure fT2l It is easy to check that w„ is 12312-avoiding. 

When we know w„, we can reverse this procedure. First, we find w^'s as follows. 
For 1 < i < n, Wi_i is obtained from as follows. 

(1) Let m = max(wi). Let t be the last letter of Wi. 

(2) If the leftmost m is active in Wj, then make it inactive. 

(3) If t appears only once in Wi (equivalently t is greater than any other letters 
in Wi), then we simply remove t. Otherwise, find the leftmost t in Wj. 

• If the leftmost t is inactive, then we remove the last letter t and make 
the leftmost t active. 

• If the leftmost t is active, then we must have t < m since we have 
made the leftmost m inactive. In this case we remove the last t, and 
make the leftmost t still active and the leftmost m active. 

Now we construct Tq, Ti, . . . , r„ as follows. 

Let To = 0. For 1 < i < n, Ti is obtained as follows. 

(1) First, let Ti be the marked partition obtained from Ti_i by adding i. 

(2) Let t be the last letter of Wi. 

(3) If t is equal to the rightmost (resp. the second rightmost) active letter of 
Wi^i, then connect i to the largest (resp. the second largest) active integer, 
say j, oi Ti-i, and make j inactive. 
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Ti=® wi = ® 

1 1 

12 12 

T3 = *^'''®~^ W3 = ® ® • 

12 3 12 1 

T4 = *^''''®~^ • W4 = ® ® • . 

1 2 3 4 1 2 1 3 

T5 = •'""'©"^i^'T"^ W5 = ® • • ® • 

1 2 3 4 5 1 2 1 3 2 

T6=*^*'^«"®>i W6=® 

123456 121321 
1234567 1213211 
12345678 12132114 

123456789 121321143 

Figure 12. T^'s and corresponding w^'s. Active integers and ac- 
tive letters are circled. 

(4) Let m = max(wi). If the leftmost m is active in w^, then make i active in 

It is easy to check that this is the inverse map. Thus we get the following 
theorem. 

Theorem 5.1. For tt € NC2{n), the map tt i-^ w„ is a bijection from NC2(n) to 

Pl2312{n). 

Since this bijection preserves the number of blocks, by Theorem 13. 11 we get the 
following. 

Corollary 5.2. Let n,k > 1. Then the number of 2-distant noncrossing partitions 
of [n + 1] with k + 1 blocks is equal to 

References 

[1] Dan Drake and Jang Soo Kim. fc-distant crossings and nestings of matchings and partitions, 
http : //arxiv . org/abs/0812 . 2725 



14 



JANG SOO KIM 



[2] P. Flajolet. Combinatorial aspects of continued fractions. Discrete Math., 32(2):125-161, 1980. 
[3] Anisse Kasraoui and Jiang Zeng. Distribution of crossings, nestings and alignments of two 

edges in matchings and partitions. Electron. J. Combin., 13(l):Research Paper 33, 12 pp. 

(electronic), 2006. 

[4] T. Mansour and S. Scvcrini. Enumeration of (fe, 2)-noncrossing partitions. Discrete Math., 

308{20):4570-4577, 2008. 
[5] Louis W. Shapiro and Carol J. Wang. A bijection between 3-Motzkin paths and Schroder 

paths with no peaks at odd height. .Journal of Integer Sequences, 12:Article 09.3.2, 2009 
[6] N. J. A. Sloane. The on-line encyclopedia of integer sequences. 

|http: //www ."research ■ att . coiii/~iij as/s equences/ 
[7] Sherry H.F. Yan. Schroder paths and pattern avoiding partitions. 

|http : //arxlv . org/abs/0805 . 2465vl | 
[8] Sherry H.F. Yan. Schroder paths and pattern avoiding partitions. 

|http : // arxiv . org/abs/0805 . 2465] 
E-mail address: j skimSlri . f r 



